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Proposition 1 Let $L$ be a countable language $with<$ . Let $T$ be an
L-theory and $p(x)$ a type. Let $M\models T$ be a model omitting $p(x)$ such
that $otp(<M)=\omega_{1}$ . Then there is a model $N\models T$ with
$\bullet$ $N$ omits $p(x)$ , and
$\bullet$ $N$ has an infinite descending sequence with respect $to<^{N}$ .
Proof: We assume $L$ contains all the Skolem functions. We prepare
a countable set $X=\{x_{i} : i\in\omega\}$ of variables. Let $\{t_{i} : i\in\omega\}$ be an
enumeration of all the L-terms whose variables belong to $X$ . We may
assume that the variables of $t_{n}$ is contained in $\overline{x}_{n}=x_{0},$ $\ldots,x_{n-1}$ . So
we may assume $t_{n}=t_{n}(\overline{x}_{n})$ .
By $otp(<M)=\omega_{1}$ , we assume $(M, <)=(w_{1}, <)$ . By induction on
$n\in\omega$ , we choose sets $S_{n}\subset\omega_{1}$ and formulas $\varphi_{n}(x)\in p(x)$ with the
following properties:
1. $S_{n}\subset\omega_{1}$ is a set of descending sequences of length $n$ .
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2. For each $i\in\omega_{1},$ $S_{n}|i=\{(a0, \ldots, a_{n-1})\in S_{n} : a_{n-1}>i\}$ has the
cardinality $\omega_{1}$ .
3. If $(a0, \ldots, a_{n-1}, a_{n})\in S_{n}$ then $(a0, \ldots, a_{n-1})\in S_{n-1}$ ,
4. For all $\overline{a}\in S_{n}$ , we have $M\models\neg\varphi_{n}(t_{n}(\overline{a}))$ .
Now we assume that we have successfully chosen $S_{n}$ and $\varphi_{n}(x)$ . For
each $i\in w$ , using condition 2, choose $\overline{a}_{i}$ from $S_{n}|i$ . Let $\overline{a}(i)$ denote the
sequence $\overline{a}_{i},i$ . Notice that $\overline{a}(i)$ is a decreasing sequence of length $n+1$ .
Now cQnsider elements $t_{n+1}(\overline{a}(i))(i\in w)$ . Since $M$ omits $p(x)$ , we
can choose a formula $\varphi_{n+1}^{i}(x)\in p(x)$ with $M\models\neg\varphi_{n+1}^{i}(t_{n+1}(\overline{a}(i)))$ .
Since there are only countably many such formulas, we can choose
an uncountable set $U\subset\omega_{1}$ such that for any $i\in U\varphi_{n+1}^{i}$ is the same
formula. Let $\varphi_{n+1}$ be the fixed formula. We put $S_{n+1}=\{\overline{a}(i) : i\in U\}$ .
Now it is easy to see that $S_{n+1}$ and $\varphi_{n+1}$ satisfy our requirements.
The following claim is easily proven, using $S_{n}’ s$ .
Claim A $\Gamma(x_{0},x_{1}, \ldots)=\{x_{0}>x_{1}>x_{2}> \}\cup\{\neg\varphi_{n}(t_{n}(\tilde{x}_{n}))$ : $n\in$
$w\}$ is a con8i8tent $8et$.
Let $I=(b_{\dot{j}})_{i\in w}$ realize F. Let $N$ be the Skolem hull of I. $N\supset I$ has an
inifinite descending sequence. Since $\{t_{n}\}$ is an enumeration of all the
Skolem terms, we have $N=\{t_{n}(\overline{b}_{n}) : n\in\omega\}$ , where $\overline{b}_{n}=b_{0},$ $\ldots,$ $b_{n-1}$ .
Since each $t_{n}(\overline{b}_{n})$ satisies $\neg\varphi_{n}(x)$ , we conclude that $N$ omits $p(x)$ .
Corollary 2 Let $T$ be a countable complete theory and $R$ a set of
complete types with $|R|<2^{w}$ . Suppose that for each $i<\omega_{1}$ , there $i_{8}a$
model $M_{i}\models T$ with the following propertie8:
1. $|M_{i}|\geq 3(\omega)$ ,
2. $M_{i}$ omits each member of $R$ .
Then for each $\kappa$ there $i_{8}$ a model $M$ omitting $R$ and with $|M|\geq\kappa$ .
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